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Continuum modelStrain bursts are often observed during compression tests of single crystalmicropillars. In thiswork,we for-
mulate a new continuummodel that accounts for the strain bursts within the framework of crystal plastic-
ity. The strain bursts are separated from the loading stage (nearly elastic loading) by introducing a
dimensionless constant in the continuummodel, and are detected by load serrations. The boundary condi-
tions in the context of micropillar compression are studied and they are shown to be changing and unpre-
dictable as plastic deformation proceeds. To evaluate the validity of our model, ﬁnite element simulations
of the uniaxial compression tests onnickelmicropillars are performed. Our simulations produce clearly vis-
ible strain bursts during the plastic ﬂow and the produced intermittent ﬂows are comparable with the
experimental observations. For the bulk crystal, a series of strain bursts is identiﬁed in the course of plastic
ﬂow, despite an apparently smooth stress–strain response. We also show that the intermittent ﬂow is
intensiﬁed in the micrometer-scale due to both increasing numbers of the successive strain bursts and
increasing amplitude of the strain burst, when the specimen size decreases. Finally, we show that the
occurrences of the strain bursts are always associated with negative values of the second-order work.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
The plastic deformation behavior of bulk single crystals have
been successfully described by classical continuum mechanics of
plasticity, and have been demonstrated to be associated with a
steady rate of work hardening. Many recent compression experi-
ments of single crystal micropillars show that their plastic defor-
mations are characterized by large intrinsic ﬂuctuations (strain
bursts) and the yield strength is size-dependent (Greer and Nix,
2006; Uchic et al., 2004). These ﬂuctuations that are usually caused
by the collective motion of interacting dislocation, lead to a
strongly heterogeneous and intermittent nature of plastic ﬂow on
microscopic and mesoscopic scales, whereas in bulk crystals plas-
ticity appears as a smooth and homogeneous process. The strain
burst phenomenon is suggested to be universal in plasticity and
independent of pillar dimensions (Csikor et al., 2007).
To better understand the crystal plasticity at microscopic level,
there have been many studies using three-dimensional (3-D) dislo-
cation dynamics (DD) simulations (3D-DDS) (Csikor et al., 2007;
Tang et al., 2008) and multiscale modeling (Akarapu et al., 2010).These simulations show that the strain bursts arise from the con-
tinuous operation of one or at most a few dislocation sources (Aka-
rapu et al., 2010; Tang et al., 2008) or the destruction of jammed
dislocation conﬁgurations (Csikor et al., 2007). In particular, some
DD techniques could well reproduce the essential aspects of exper-
imental observations on burst activities (Csikor et al., 2007). In
addition, numerical algorithms have also been developed to study
such activities (Greer and Nix, 2006; Zaiser and Aifantis, 2006;
Zhang and Aifantis, 2011). For example, Greer and Nix (2006)
developed a numerical iterative algorithm based on the phenome-
nological model of dislocation starvation, and captured one single
strain burst followed by elastic loading. Zhang and Aifantis
(2011) have proposed a strain gradient model from the point of
view that plastic deformation occurs through slip zones in the
gauge region. These slip zones are divided into elastic and plastic
zones and a strain burst occurs when two adjacent zones deform
plastically. In such models, the predicted results are in good agree-
ment with the experimental stress–strain curves. Besides such
simulation efforts, some statistic models have been proposed to
study the characteristics of intermittent ﬂow behavior of small
microcrystal (Ng and Ngan, 2008; Ngan and Ng, 2010). Although
prior knowledge of survival probability of occurrence for burst
events and stress-dependent distributions of burst sizes are re-
quired as two inputs to incorporate into these models, the calcu-
1860 X. Zhang, F. Shang / International Journal of Solids and Structures 51 (2014) 1859–1871lated results successfully predict other aspects of microcrystal
deformation in terms of the intermittent stress–strain response,
stress-dependent burst size and power-law behavior of burst
events. These results are consistent with the experimental obser-
vations. Furthermore, such inputs obtained from one loading con-
dition can also be applied to other loading situations such as creep
deformation (Ng and Ngan, 2008; Ngan and Ng, 2010). In addition,
statistical theory analysis suggests that the mechanism of the burst
activities is related to the continuous activation of a few disloca-
tion sources (Ngan and Ng, 2010).
Alternatively, ﬁnite element methods (FEM) using continuum
models of plasticity such as crystal plasticity or gradient plasticity
are comparatively less used to study intermittent plasticity.
Although it has been suggested that strain bursts are associated
with deformation patterns in the form of slip lines and slip bands
(Csikor et al., 2007; Schwerdtfeger et al., 2010), they are not neces-
sarily ormaynot always give rise tomacroscopic deformation insta-
bilities. As observed in submicron diameter compression tests
(Greer and Nix, 2006; Uchic et al., 2004), plastic deformation occurs
in a non-localized manner until sufﬁciently larger strain and the
experimental stress–strain curves are relatively smooth. As a result,
employment of the continuum crystal plasticity theory to obtain a
better understanding of micropillar plasticity may be warranted
(Hurtado and Ortiz, 2012; Kuroda, 2013). Additionally, the corre-
sponding boundary-value problems may also be well-posed and
thus contribute to the uniqueness and convergence of the solutions
in the ﬁnite element calculations. In fact, ﬁnite element simulations
using crystal plasticity theory have been conducted to study the
inﬂuence of extrinsic effects such as friction and sample geometry,
which are involved in micro-compression tests (Choi et al., 2007;
Raabe et al., 2007; Shade et al., 2009). Furthermore, several ﬁnite
element implementations of phenomenological models have re-
cently been employed to investigate the effect of physics on micro-
pillar deformation, such as dislocation nucleation and starvation
(Jérusalem et al., 2012), or the self-energy of the dislocations and
the energy of dislocation steps at the boundary of the solid (Hurtado
and Ortiz, 2012), as well as higher-order gradients arising from geo-
metrically necessary dislocation densities (Kuroda, 2013).
All of the above phenomenological FEM analyses have mainly
focused on size effects of the yield strength. However, intermittent
deformations have not been reﬂected in these simulations. This is
partly because, conventional continuum theories of plasticity do
not reﬂect the characteristics of strain burst and contain no criteria
to judge the stain burst, and hence fail in predicting its occurrence.
Besides, there is one problem lying in variability and unpredictabil-
ity of the microscopic boundary conditions (MBCs) as the plastic
ﬂow proceeds. For example, manymicro-compression tests are dri-
ven by hybrid loading mode (HLM) (El-Awady et al., 2013; Papa-
nikolaou et al., 2012; Uchic et al., 2004), in which a mixture of
constant displacement rate and creep-like loading conditions are
employed. This method produces a staircase-like stress–strain
curve, which is characterized by a nearly constant stress within
the strain burst period and a purely elastic strain during the load-
ing stage. Normally, the strain bursts are separated by increments
of nearly elastic loading stage during the plastic ﬂow (El-Awady
et al., 2013). This phenomenon leads to a change of MBCs during
plastic deformations, since the loading system responds differently
to the burst slip and the loading stage under the condition of HLM
(Uchic and Dimiduk, 2005). This means that the MBCs are time-
dependent in the plastic deformation process.
In this paper, we focus on the intermittent ﬂow of micropillars
and aim to develop a new continuum model to describe such phe-
nomenon. For this purpose, our continuum model takes into ac-
count the following key elements: (i) Separation of the burst slip
from loading stage: This is motivated by the difference in features
between the burst slip and the loading stage. The burst slip occursat a high strain rate and is associated with stress relaxation. The
loading stage, however, is characterized by a slow strain rate and
is associated with continuous increase in load; (ii) A criterion to
judge the appearance of the stain burst: This is motivated by the
loading system, since it responds differently to the burst slip and
loading stage (Uchic and Dimiduk, 2005), resulting in different
MBCs for the two cases. Thus, the continuummodel should contain
a criterion to demarcate the burst slip from the loading stage, sim-
ilar to the yield stress that demarcates the elastic loading from the
plastic ﬂow; (iii) Solution of the problems with time-dependent
MBCs: This is motivated by the unpredictability of the MBCs, since
the occurrence of the burst slips and their amplitudes are unpre-
dictable. In other words, the MBCs are not predetermined.
This paper is organized as follows: In Section 2, the microscopic
boundary conditions in the context of intermittent ﬂow are dis-
cussed. In Section 3, the continuummodel is proposed in the frame-
work of crystal plasticity (Peirce et al., 1983). To verify our model,
Section 4 presents the ﬁnite element algorithm of implementing
our proposed continuum model, and comparisons are made be-
tween our present model and the crystal-plasticity ﬁnite element
method (CPFEM). In Section 5, the ﬁnite element simulations of
the uniaxial compression tests on face-centered cubic (FCC) nickel
micropillars are described. Finally, the results of Sections 4 and 5
are discussed for further improvements of the proposed model in
Sections 6, and the conclusions are presented in Section 7.
2. Problem formulation
The problem considered is graphically represented in Fig. 1(a)
and (b). Fig. 1(a) shows the actual displacement vs. time curve ob-
tained from the micro-compression tests on a 20 lm diameter Ni
micropillar under conditions of HLM. Fig. 1(b) shows the schematic
plot of the micro-compression test driven by the HLM, which is the
simpliﬁed and idealized representation of Fig. 1(a). Note that a
strain burst is generally characterized by a larger strain increment
and a smaller time increment (Dimiduk et al., 2006, 2010), indicat-
ing a higher strain rate in a burst slip, compared to that of the load-
ing stage. Thus, the curve portion with positive slope in Fig. 1(b),
which has a higher rate than that of constant loading, represents
the occurrence of a burst slip. The burst slip is followed by a hori-
zontal line or a line with small positive slope, which indicates a
holding stage and it lasts until the actual micropillar displacement
reaches the imposed displacement by the nanoindentation system.
A loading stage may occur after this, associated with the constant
strain-rate loading process. On the basis of these observations, a
typical plastic ﬂow expressed in the stress–strain curve normally
includes three distinct parts: loading stage DEl, burst slip part
DEb and holding stage DEh, where superscripts l, b and h represent
the above three processes, respectively (see inset in Fig. 1(b)).
2.1. Loading stage
The loading stage involves the motion of few dislocations, while
majority other dislocations are relatively immobile, making little
or no contribution to the strain. Thus, many of the nearly elastic
zones between strain bursts are frequently observed from the
stress–strain curves of micro-compression tests (El-Awady et al.,
2013; Papanikolaou et al., 2012; Uchic et al., 2004). Such a stage
is induced when the applied load becomes comparable to the inter-
nal stress of the micropillar, and the displacement on the top sur-
face of micropillar is kept consistent with the pre-programmed
displacement of the indention platen controlled by a feedback con-
trol loop (see Fig. 1). As a result, the engineering strain increment
DEl produced by the imposed displacementDul, is only determined
by the time increment Dtl due to the applied constant strain rate
_e0, and it follows that:
Fig. 1. (a) True experimental and (b) schematic drawing of displacement vs. time
curve taken from the micro-compression test of 20 lm diameter Ni micropillar
driven by the HLM. The Red and black line represent the applied loading
displacement by the nanoindentation system and the displacements of micropillar
on the top surface, respectively. Inset: the schematic drawing of stress–strain curve.
(For interpretation of the references to color in this ﬁgure legend, the reader is
referred to the web version of this article.)
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where DEl consists of two parts: the elastic strain DEle (if unloading,
it is recovered) and the plastic strain DElp (see inset in Fig. 1(b)),
which arises from the slip of few dislocations inside the micropillar.
2.2. Burst slip
The burst slip arises from the collective, avalanche-like motion
of the dislocations, thus resulting in a sudden surge of the displace-
ment increment on the top surface of the specimen. On one hand,
the nanoindentation system employs a voice coil as the force actu-
ator and uses the springs to suspend the indentation platen. Such a
displacement burst can cause the springs to become suddenly
elongated, causing a drop in the load that is applied on the sample.
Nevertheless, the springs mounted on the nanoindentation system
are often very compliant; thus a very small load drop would take
place. Compared to the cumulative load applied on the specimen,
such load drop could be reasonably neglected. Thus, within the
burst duration Dtb, the engineering stress increment DRb pro-
duced by such small load drops could be idealized as:
DRbðDtbÞ ¼ 0 ð2ÞOn the other hand, a burst slip occurs at a faster rate than _e0.
Comparing with the loading stage, the burst slip process is gener-
ally characterized by the larger strain increment DEb and smaller
time increment Dtb. The concrete relationship between DEb and
slip duration Dtb is unknown. However, the engineering strain
increment DEb can be written in another form as:
DEbðDtbÞ ¼ dE ð3Þ
Here, dE is the magnitude of the strain burst, and its value follows a
statistical distribution having a general form (Csikor et al., 2007):
pðdEÞ ¼ CðdEÞg exp ðdE=dEmaxÞ2
h i
ð4Þ
In Eq. (4), C is the normalization constant and dEmax is the cut-off
strain of the largest avalanche. The material-independent exponent
g is reported to be 1.35 (Zhang et al., 2012). It should be mentioned
that Eq. (4) describes the overall behavior of the burst sizes. Specif-
ically, as observed from experiments, the burst size is also of history
dependence on the stress (Ng and Ngan, 2008), and the burst size
generally increases with the increase of the stress.
2.3. Holding stage
The holding stage follows the burst slip. As mentioned above,
the burst slip results in a small load drop in the total applied force,
causing its value to be smaller than the internal stress of the spec-
imen. As a result, the top surface of micropillar stops moving until
the applied force becomes comparable in magnitude to the internal
stress. As such a process proceeds, there are always ﬁnite plastic
displacements occurring in terms of creep strain induced by
cross-slip or other slower relaxation processes (Papanikolaou
et al., 2012). However, the strain increments produced by these
complexities appear to be negligible since the displacement vs.
time curves within the holding sections always exhibit small posi-
tive slopes (see Fig. 1(a)). For these two reasons, the engineering
strain increment DEh, which is produced by the above mentioned
ﬁnite displacements within each holding section, is not considered
(see inset in Fig. 1(b)) and in an ideal case one has:
DEhðDthÞ ¼ 0 ð5Þ
Since the above mentioned ﬁnite displacements within each
holding stage are small, they would cause the springs to be elon-
gated slightly. As a result, the induced load drop is expected to
be much smaller due to the compliant nature of the springs. Hence,
the engineering stress increment DRh within the whole holding
stage takes the ideal form as:
DRhðDthÞ ¼ 0 ð6Þ
Thus, Eqs. (1)–(6) describe the representative MBCs of the
micropillar plasticity, and it is worth mentioning that they vary
as the plastic deformation proceeds. They are also shown to be
unpredictable because the occurrence of a burst slip cannot be pre-
dicted. Even when a burst slip event occurs, the value of its MBCs is
still unpredictable due to the stochastic nature of the burst size, as
described in Eq. (4).
3. Continuum crystal plasticity model
Crystal plasticity theory is considered to be a physical theory, in
which the collective dislocation movement on slip systems is rep-
resented in a continuum sense as plastic shear strain, and it com-
bines continuum theory with the discredited crystal activation to
quantify the deformation of metals. Such a theory requires all the
slip systems to obey Schmid’s law and normally uses the critical re-
solved shear stress (CRSS) as state variable for each slip system
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mostly assumes a homogeneous dislocation structure (the identi-
cal initial CRSS). Hence most shear slips occur predominantly on
the slip system with the highest Schmid factor, particularly for
the single-slip deformation. However, as the specimen size de-
creases, this may cause a non-homogeneous distribution of dislo-
cation conﬁgurations, and thus may lead to different initial CRSS
for different slip systems. In such cases, most shear slips that occur
predominantly on the slip system with the highest Schmid factor
may not be guaranteed. To account for the strain burst in such a
framework, we only consider the micropillars with diameters lar-
ger than a few micrometers to facilitate the assumption of homo-
geneous dislocation structure in this work. For example, nickel
micropillars with the diameters larger than 10 lmwould be suit-
able (Norﬂeet et al., 2008).
3.1. Foundation of crystal plasticity
The kinematics of FCC crystals described below is well-estab-
lished and the detailed formulations are given in literature, see
for example, Asaro and Lubarda (2006). The total deformation gra-
dient tensor F can be decomposed into the elastic tensor Fe, and the
plastic tensor Fp:
F ¼ FeFp ð7Þ
where Fe represents the rotation and stretching of the lattice, Fp
represents the plastic shear of the materials that do not change
the lattice orientation and spacing. The plastic part of velocity gra-
dient Lp is deﬁned as:
Lp ¼ Fe  _Fp  F1p  F1e ¼
Xn
a¼1
_casa  na ð8Þ
By introducing the symmetric tensor pa ¼ 12 ðsa  na þ na  saÞ
and the skew-symmetric tensorwa ¼ 12 ðsa  na  na  saÞ, the plas-
tic stretching tensor _ep and the plastic spin _xp can be written as:
_ep ¼
Xn
a¼1
_capa; _xp ¼
Xn
a¼1
_cawa ð9Þ
in which _ca is the shear rate on the ath slip system.
The constitutive equation is speciﬁed by
r^ ¼ K : _e
Xn
a¼1
Ca _ca ð10Þ
in which r^ is the Jaumann stress rate and
Ca ¼ C : pa þwa  r r wa; Kijmn ¼ Cijmn  rijdmn ð11Þ
where C is the tensor of the elastic modulus and r is the Cauchy
stress. A more detailed description of the crystal plasticity constitu-
tive model can be found in Peirce et al. (1983).
3.2. Hardening laws in FCC pillars
We ﬁrst study the deformation process within the burst slip.
There is considerable debate on the origin of the burst slip. One
view is that the burst activity is caused by the continuous opera-
tion of a few dislocation sources, featuring with a dislocation star-
vation state after each burst activity (Greer and Nix, 2006; Shan
et al., 2008). Another view suggests that the origin of the burst
activity is the destruction of jammed dislocation conﬁgurations
(Csikor et al., 2007). Furthermore, such processes show no signiﬁ-
cant change in the dislocation density and retain the dislocation
network after each burst (Csikor et al., 2007; Norﬂeet et al.,
2008). Normally, the former mechanism possibly operates for
small nanopillars associated with cataclysmic bursts, in contrastto the later mechanisms that dominates in specimens of larger
sizes, featuring with small burst sizes but high frequency (Ngan
and Ng, 2010; Wang et al., 2012). Therefore, for micropillars with
diameters larger than a few micrometers as investigated in this
work, the burst slip is expected to be attributed to the destruction
of jammed dislocation conﬁgurations (Wang et al., 2012). Within
the burst slip, some features of plastic deformation are described
as follows:
(i) For larger specimens, the discrete slip bands are found to be
distributed widely along their gauge lengths in some exper-
iments (Dimiduk et al., 2005). These slip bands are always
associated with the appearance of burst activities
(Schwerdtfeger et al., 2010), suggesting that one burst activ-
ity occurs mainly in single slip systems (Csikor et al., 2007).
Thus, we deﬁne the resolved shear stress sa for driving the
fast gliding dislocations on the ath slip system, and accord-
ingly, the current resistant strength ga for the avalanche-like
motion of dislocations, respectively.
(ii) The burst deformation is assumed to be viscous. Thus, the
shear rate _ca on the ath slip system, is derived using a visco-
plastic power-law expression (Hutchinson, 1976) as_cba ¼ _c0sgn
sa
ga
 
sa
ga
 1=m
ð12Þwherem is the rate sensitivity exponent and _c0 is the shear rate at a
reference condition. This power-law rate equation provides us with
an opportunity to investigate the strain-rate sensitivity emerging in
micropillar plasticity since it is reported that strain-rate sensitivity
maintains similar trends in strength with micropillar size (Jennings
et al., 2011).
(iii) To be ready for the next burst event, the burst activity is
observed to be associated with the reconstruction of the
jammed networks (Wang et al., 2012), which involves dislo-
cations mutually trapping each other in the context of larger
dislocation tangling volumes among multiple slip systems,
stable dislocation junction ensemble etc. Such processes
may lead to natural strain hardening and could in turn sup-
press the current burst activity. Therefore, this strain hard-
ening processes are responsible for the current resistant
strength g(a) for the avalanche-like motion of dislocations
and could be described in term of the evolution of g(a), which
is written as:
_gba ¼
Xn
a¼1
hab _cbb
  ð13Þ
where hab is the hardening matrix and the sum includes all acti-
vated slip systems. The diagonal components haa and the off-diag-
onal components hab represent the self-hardening and latent-
hardening effects, respectively. Accordingly, the fast moving dislo-
cation under the action of the resolved shear stress sa is obtained
by the Schmid’s law:
sa ¼ pa : r ð14Þ
For the holding stages as discussed in Section 2.3, a slower
relaxation process is suggested. Compared to the larger strain rate
of the burst slip, the shear rate _ca of the holding stage could be
approximately written as:
_cha  0 ð15Þ
and the current evolution of the resistant strength gha therefore
becomes:
_gha  0 ð16Þ
Fig. 2. Schematic description of the history of strain rate in the loading stage, burst
slip and holding stage (red lines). Green lines represent the average strain rate _ca
that is computed using Dr (shadow area). (For interpretation of the references to
color in this ﬁgure legend, the reader is referred to the web version of this article.)
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obtained as:
r^h  0 ð17Þ
Finally, the loading stage occurs involving the motion of few
dislocations compared to the burst slip, resulting in a low shear
strain rate compared to the programmed strain rate, and thus in-
creases the external load to activate the next burst slip. The strain
hardening could be described by the formulations developed in lit-
erature (Peirce et al., 1983). In other words, the formulations
including Eqs. (12)–(14) can also be applied to the loading stage
but have different physical meanings.
For FCC metals, one commonly-used phenomenological harden-
ing law is the Pierce–Asaro–Needleman (PAN) model suggested by
Pierce, Asaro and Needleman. In this model, the hardening matrix
hab takes the form:
hab ¼ qhaa; haa ¼ h0 sech2
h0c
ss  s0

; c ¼Xn
a¼1
Z t
0
j _cajdt ð18Þ
where q describes the latent hardening effect, and is assumed to be
1.0 for coplanar and 1.4 for non-coplanar slip systems (Asaro and
Needleman, 1985). h0 is the initial hardening modulus, s0 is the ini-
tial value of the CRSS, and ss is the saturated shear stress at stage I.
A number of experimental compression tests on micropillars have
found that their stress–strain curves appear to remain in the easy
glide stage throughout the tests (Dimiduk et al., 2005; Greer and
Nix, 2006; Uchic et al., 2004), and this is indeed supported by the
observation of Post-mortem Transmission Electron Microscopy
(TEM) of [269] nickel specimens (Norﬂeet et al., 2008). It thus ap-
pears appropriate to use the PAN model to characterize the exper-
imental stress–strain curve.3.3. Accounting for strain burst
To consider the strain burst, we ﬁrst separate the burst slip from
the loading stage by considering a small dimensionless constant.
This is similar to the work of Papanikolaou et al. (2012) who also
introduced a dimensionless constant to separate the burst slip
from the slow relaxations (comparable to the holding stage). Then,
we judge the occurrence of the strain burst through the load serra-
tions. This is similar to 3D-DDS methods, where the burst slips are
judged by the load drops when the specimen plastic displacement
rate was lower than the applied rate at a given time step.
3.3.1. Separation of burst slip and loading stage
Fig. 2 shows the typical schematic diagram of the history of
strain rate in the loading stage, burst slip and holding stage. The
burst slip occurs with a jump strain rate _cbaðtþÞ from the _claðtÞ
evolving in the loading stage that begins at time t  Dtl with a
strain rate of _caðt  DtlÞ. Such an event ends up with a strain rate
of _caðt þ DtbÞ truncated by a constant threshold _cth as a deﬁnition
of active time step Dtb. After this, the holding stage occurs associ-
ated with zero shear rate in an idealized situation as described by
Eq. (15). It should be mentioned that _caðt þ Dtb þ DthÞ can repre-
sent either the beginning of the loading stage or the burst slip as
suggested later.
For the loading stage, the shear strain increment Dcl is calcu-
lated through
Dcl ¼ _cla  Dtl ¼
Z
Dtl
_caðtÞdt ð19Þ
Considering the shear rate jumps at time t, we also deﬁne:
DcðnÞ ¼ ð1 nÞ _ca t  Dtl
 þ n _caðtþÞ Dtl ð20ÞHere n is a dimensionless parameter. _caðt  DtlÞ can reach _caðtþÞ
along the path described by Eq. (12), which is different from the
path that _caðt  DtlÞ reaches _caðtÞ (red line).
As seen in Fig. 2, Dcl described by Eq. (19) satisﬁes:
Dc(0) <Dcl < Dc(1). Hence the expression of Dcl could be rewrit-
ten as:
Dc1 ¼ _c1aðnÞ  Dt1 ¼ ð1 nÞ _caðt  Dt1Þ þ n _caðtþÞ
 
Dt1 ð21Þ
by adjusting the value of n e (0, 1). As is frequently observed in
micropillar compression tests (Uchic et al., 2004; Greer and Nix,
2006), this stage always induces a nearly elastic loading within
Dtl, indicating a much smaller value of Dcl, and thus requires a
comparatively small value of n due to the high jump strain rate of
_caðtþÞ (the variables at initial time t  Dtl are known). In turn, when
the value of Dcl becomes small, we could expect a higher jump rate
at the end of the loading stage by considering such a small value of
n.The burst slip is studied by integrating it with the holding stage.
Following the same approach as for the loading stage, we obtain
the shear strain increment Dcb by
Dcb ¼ _cbaðnÞ  Dtb ¼ ð1 nÞ _caðtþÞ þ n _caðt þ Dtb þ DthÞ
 
Dtb ð22Þ
Here, n is obtained from the loading stage. Normally, the burst
activity is characterized by a higher strain rate and larger strain
increment Dcb than the loading stage. On one hand, when the burst
displacement (/Dcb) is large enough, _caðt þ Dtb þ DthÞ possibly rep-
resents an initial jump rate of the burst slip (the variable _caðtþÞ at
initial time t are known), suggesting a succession of additional dis-
placement events, as frequently observed in many tests. On the
other hand, if Dcb is featured with a moderate bust size,
_caðt þ Dtb þ DthÞ possibly represents a negligible strain rate of the
loading stage due to the viscous deformation as assumed in the
loading stage. This is the case since the stain bursts are frequently
observed to be separated by the loading stage in micro-compression
tests. Thus, the smaller value of n derived from the loading stage,
could be also applied to the strain burst process consisting of burst
slip and holding stage.
For simplicity, we assume that n is a dimensionless constant.
Considering Eqs. (21) and (22), the general formulation of the aver-
age shear increment rate _ca can be written as:
_caðnÞ ¼ ð1 nÞ _caðtÞ þ n _caðt þ DtþÞ ð23Þ
Here, the superscript + is marked to distinguish the different strain
rate at time t + Dt. For example, when a loading stage evolves into
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burst activity, while _caðt þ DtÞ suggests the strain rate at the end
of the loading stage. In other words, the strain rate _caðt þ DtÞ jumps
from _caðt þ DtÞ to _caðt þ DtþÞ at the time t + Dt. On the other hand,
despite the expression of average shear rate being similar to that in
the form of liner interpolation, it is derived theoretically for the pur-
pose of separating the burst slip from loading stage rather than for
numerical convergence.
In summary, a smaller value of n can lead to a fast strain rate in
the burst slip compared to the loading stage, and thus separates
the two processes. Additionally, when such two processes evolve
into each other, the resulting strain rate ﬂuctuations can render
the load serrations due to the constant strain rate programmed
by the nanoindentation system.
3.3.2. Burst slip judgment
Since the loading stage sustains an increasing load as described
in Section 2.1, the produced engineering stress satisﬁes:
_Rl  RlðtÞ > 0 ð24Þ
In contrast, an occurrence of burst slip satisﬁes:
_Rl  RlðtÞ 6 0 ð25Þ
where _Rl could be related with the rate of stress with:
_Rl ¼ h _rli ¼ 1
V
Z
V
_rldv ð26Þ
Here hi is deﬁned by hi = X1 RxR X  dX, which represents the
average of a ﬁeld in X, and V is the current volume.
3.4. Incremental constitutive model
For the loading stage, we assume that all the variables at time t
are known and the whole process lasts for a time interval Dtl. By
integrating Eq. (10) from time t to t +Dt, the incremental constitu-
tive relation becomes:
DrlðDtÞ ¼ K : DeðDtÞ 
Xn
a¼1
CaDcaðDtÞ; Dt 2 ½0;Dtl ð27Þ
where the magnitudes of the stress increments Drl are functions of
the time increment Dt. For a given displacement increment Dul = -
DEl  L, using Eq. (1), the time increment Dtl in Eq. (27), can be com-
puted as
Dtl ¼ DEl= _e0 ð28Þ
For the bust slip, we examine the process in a quasi-static man-
ner. A global burst slip occurs whenever Eq. (25) is fulﬁlled. Follow-
ing the same approach as that for the loading stage, the
incremental constitutive relation is given directly by
DrbðDtÞ ¼ K : deðDtÞ 
Xn
a¼1
CaDcaðDtÞ;Dt 2 ½0;Dtb ð29Þ
in which, de is the local strain increment produced by the global
strain burst dE.
Unlike the loading stage, the relationship between the event
duration Dtb and the strain burst dE is unknown. That means that
the time increment Dt cannot be determined directly for a given
incremental displacement, thus an extra unknown parameter for
determining the stress components is introduced.
For the holding stage, the incremental constitutive relation
gives:
DrhðDtÞ ¼ 0; Dt 2 ½0;Dth ð30Þ
Here, the holding time increment Dth is also undetermined.Considering these two problems, we ﬁx the value of time incre-
ment Dt, which is speciﬁed by
Dt ¼ Dtb þ Dth ð31Þ
Suppose that all the variables at time t are known. By integrating
the rate of Cauchy stress r^ from time t to t + Dt, the incremental
constitutive relation gives:
Drbþh ¼
Z tþDt
t
r^dt ¼
Z tþDtb
t
K : d _e
Xn
a¼1
Ca _ca
 !
dt
¼ K : deðDtbÞ 
Xn
a¼1
CaDcaðDtbÞ ð32Þ
Here, superscript b + h represent the stress increments within the
total time of the burst duration Dtb and the holding time Dth.
As shown in Fig. 1(b), during the ﬁxed time increment Dt, the
magnitude of the nanoindentation loading displacement incre-
ment Du is equal to that of the displacement burst du within the
burst duration Dtb. Thus, the following relation holds:
DuðDtÞ ¼ duðDtbÞ ð33Þ
where
DuðDtÞ ¼ L  _e0  Dt ð34Þ
duðDtbÞ ¼ L  d _e  Dtb ð35Þ
Here, d _e is the burst slip rate within the burst event durationDtb.
Taking into account the uniqueness theorems of solutions, the
local strain increment induced by du is equal to that ofDu, and thus
the ﬁrst term of the right-hand side in Eq. (32) can be replaced by
K : deðDtbÞ ¼ K : DeðDtÞ ð36Þ
Then, following Eq. (32), an alternative constitutive relation is ob-
tained as:
DrbþhðDt;DtbÞ ¼ K : DeðDtÞ 
Xn
a¼1
CaDcaðDtbÞ ð37Þ
in which the stress increments Drb+h(Dt; Dtb) are dependent on
both ﬁxed time increment Dt and burst duration Dtb.
For a displacement burst du = L  dE, combining Eqs. (33) and
(34) gives the ﬁxed time increment Dt
Dt ¼ dE= _e0 ð38Þ
where the amplitude of dE satisﬁes the statistical distribution pre-
scribed by Eq. (4). The method of determining the event duration
Dtb is given in the appendix.
In summary, we can propose a constitutive model that de-
scribes the intermittent plastic ﬂow in the form of a piecewise
function as follows:
Dr ¼
lK : DeðDtÞ 
Xn
a¼1
CaDcaðDtÞ; When DSl  SlðtÞ > 0 ðaÞ
K : DeðDtÞ 
Xn
a¼1
CaDcaðDtbÞ; When DSl  SlðtÞ 6 0 ðbÞ
8>>><
>>:
ð39Þ4. Finite element implementation
4.1. Amplitude of strain burst
Considering Eq. (4), one may note that as the burst size asymp-
totically approaches zero, the value of p(dE) diverges. That is, only
the amplitudes above the lower limit dEmin follow the power-law
behavior. Such lower limit usually corresponds not to the smallest
Fig. 3. (a) Average burst size dE (normalized by the Burgers vector b) derived by Eq.
(44) as a function of the largest burst size dEmax (normalized by b). (b) Probability P
derived by Eq. (45) as a function of dEmax (normalized by b).
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practice, there are some other non-power-law behaviors below
dEmin (Brinckmann et al., 2008; Dimiduk et al., 2010). In the present
work, we only take into consideration, the strain bursts that satisfy
the statistical distribution described by Eq. (4), while those with
amplitude below dEmin are incorporated into the loading stage
since they are negligibly small in value. Accordingly, dEmin is ex-
pressed by (Zhang et al., 2012)
dEmin ¼ 4b=L ð40Þ
where b is the Burgers vector.
The largest magnitude dEmax is expressed (Csikor et al., 2007;
Devincre and Kubin, 2010) as:
dEmax ¼ bELðhþ CÞ ð41Þ
Here, E, h and C are the elastic modulus, the constant strain harden-
ing coefﬁcient and the effective stiffness of the load-machine,
respectively.
It should be mentioned that the present work mainly focuses on
the continuum model to capture the strain burst, an accurate
description of the strain burst behavior is not essential. Thus, we
set the stochastic nature of the strain burst aside in the ﬁnite ele-
ment analysis.
4.2. Time increment
The time increment Dt in Eq. (38) is determined by dE, which is
limited by the characteristic size of the specimen. This implies that
the value of Dt is also size dependent. Following Eq. (38), the range
of Dt satisﬁes:
dEmin= _e0 6 Dt 6 dEmax= _e0 ð42Þ
As a consequence, the time steps in the ﬁnite element calcula-
tions are within the above range, associated with Dtmin ¼ dEmin= _e0
and Dtmax ¼ dEmax= _e0. However, one problem exists. During the ﬁ-
nite element calculations, the magnitude of time step Dt quickly
increases to Dtmax and then remains invariant, due to a good con-
vergence property and stability of the algorithm. As a result, the
strain bursts with the largest amplitude are mostly captured. How-
ever, for a ﬁxed total strain, this could lead to only a few strain
bursts being captured in the calculations, and is also contradictory
to the actual experiment tests where the probability that the strain
burst occurs with the amplitude of dEmax is small. To solve this
problem, we can reasonably take
Dtmax ¼ dE= _e0 ð43Þ
in which, dE is the average burst size, and is computed by
dE ¼
Z dEmax
dEmin
E  pðEÞdE ð44Þ
The reason to take Dtmax ¼ dE= _e0 arises from the following consider-
ations. (i) As described in Eqs. (40) and (41), dEmin and dEmax are all
limited by the specimen size L. This means that dE is also size
dependent (dE / 1=L) and the time increment Dt computed by Eq.
(43) is ultimately limited by the characteristic specimen size. (ii)
For better illustration, we show the relationship between the aver-
age amplitude of dE and dEmax in Fig. 3(a). We ﬁnd that the variation
of dE has the same trend as that of dEmax. (iii) The probability of dE
that falls in the range dEmin  dE is calculated by
PðdEmin 6 dE 6 dEÞ ¼
Z dE
dEmin
pðEÞdE ð45Þ
Fig. 3(b) shows that the value of P is a function of dEmax (scaled
by b/L). It is seen that P generally satisﬁes P P 50%. When
LdEmax=bP 1000, the probability P almost reaches 80%. This meansthat most of burst sizes fall in the range dEmin  dE. These burst
sizes are sufﬁcient in employing our continuum model to take
the strain bursts into account.4.3. Implementation of the algorithm into ﬁnite element analysis
We perform ﬁnite element analysis using the user material
interface (UMAT) in the commercial code ABAQUS/Standard
(2009). In the ﬁnite element analysis, the equations must be dis-
cretized in order to solve the boundary value problems incremen-
tally. The global engineering stress increment DR are rewritten as
the following weighted sum form
DRðDtÞ ¼ 1
V
XNipn
ipn¼1
DripnðDtÞ  n
 
wipnJipn ð46Þ
where ipn is the integration point number, Nipn is the total number
of integration points, wipn and Jipn are the weight and Jacobi matrix
of integration point ipn, respectively.
The burst duration Dtb is determined using a bisection method.
The value of Dtb is accepted when the value of DRb+h(Dt; Dtb) is
smaller than a speciﬁed tolerancee:
jDRbþhðDt;DtbÞj 6 e ð47Þ
The tolerance e is calculated by
e ¼ 5%s0dEmin=EM ð48Þ
where E is the total engineering strain and M is the Schmid factor.
Here, Eq. (48) can ensure that the relative error of the calculated re-
sults of R is less than 5%, at a total engineering strain E.
The shear strain increment Dca on the ath slip system is com-
puted by
DcaðDtÞ ¼ _caðtÞ þ n @
_ca
@sðaÞ
DsðaÞ þ n @
_ca
@gðaÞ
DgðaÞ
" #
Dt ð49Þ
The above Eq. is obtained using Taylor expansions through the path
that _caðt  DtlÞ reaches _caðtþÞ by Eq. (12). Thus, the updated vari-
ables such as _caðtÞ at time t represent the initial state of the next
increment such as burst slip ( _caðtþÞ), rather than the end state of
the last increment such as loading stage ( _caðtÞ).
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(1983a,b). The essential steps in the UMAT update algorithm are
described in Fig. 4.Fig. 5. Finite element model for [269] cubic sample with boundary conditions. The
load on the sample is applied by the rigid surface. The [269] orientation is parallel
to the y-direction.
Table 1
Hardening parameters for both the CPFEM and present model.
s0 ss h0 m _c0
17.5 MPa 26.7 MPa 61.8 MPa 0.0005 0.001 s14.4. Veriﬁcation of the algorithm
In order to check the correctness of the implementation and the
accuracy of the proposed present model, we ﬁrst compare the pres-
ent model, against the crystal-plasticity ﬁnite element method
(CPFEM) using a UMAT for single-crystal plasticity that was writ-
ten by Huang (1991) and later revised by Kysar (1997). As the
mechanical behavior of bulk single crystals of pure nickel having
a [269] orientation has been reported in Dimiduk et al. (2005),
we consider the compression tests of bulk single-crystal nickel
having dimensions of 1 	 1 	 1 mm, and select the sample deform-
ing under nominally single slip with a [269] orientation in the sim-
ulations mainly for the sake of determining the hardening
parameters and for comparison purpose as well. For simplicity,
the ﬁnite element model consists of a single 8-node brick-type
element (C3D8). The displacements are applied along the y-direc-
tion associated with a constant strain rate of 1.0 	 104/s. The
stress-free boundary conditions are prescribed on the x–y and
y–z planes. Further details on the ﬁnite element models are shown
in Fig. 5.
Table 1 summarizes the hardening parameters required in both
the CPFEM and present models. The elastic constants are chosen to
be c11 = 246.5 GPa, c12 = 147.3 GPa and c44 = 124.7 GPa, which are
taken from Freund and Suresh (2003). For the additional parame-
ters (dE, dEmin) of the present model, refer to the discussion in
Section 4.1.
Fig. 6(a) compares the calculated macroscopic stress–strain
curve predicted by the present model with the analogous plastic
ﬂow curve obtained from the CPFEM method. Both models predict
a smooth macroscopic curve that is consistent with that obtained
by Uchic et al. (2004) and Dimiduk et al. (2005) in the compression
tests of macro-samples, and a good agreement between two mod-
els is evident from the Fig. 6(a). However, a large number of the
staircase-like steps were detected in the present model (see
Fig. 6(b)) and they are veriﬁed to be the strain burst, as discussed
later. These tiny steps for macrosample deformation are very difﬁ-
cult to detect by experimental tools and are also rarely revealed
from the numerical simulations such as 3D-DDS.Fig. 4. The solution procedure of present model.5. Simulation of Ni micropillar compression test: results
The mechanical behavior of typical FCC metal Ni has been
experimentally investigated by many researchers. These studies
demonstrate that the micropillars, 18–40 lm in diameter, show a
Stage I easy-glide mode of deformation throughout the compres-
sion tests (Dimiduk et al., 2005), and the Schmid law still holds
for the micropillars with diameters larger than 10 lm (Norﬂeet
et al., 2008). In the present study, we are interested in the ﬂow
intermittency under conditions of HLM and three-dimensional ﬁ-
nite element simulations are performed. We simulate nickel
micropillars with diameters of 20 and 30 lm, as well as bulk
crystals having diameter of 3 mm, for comparison with the re-
sults of Dimiduk et al., 2005, 2006.5.1. Finite element model characteristics in nickel micropillars
Fig. 7 shows the geometric details of the model used in the anal-
ysis of 20 lm micropillar. This conﬁguration is roughly equiva-
lent to that of the actual micro-compression testing samples
(Dimiduk et al., 2005, 2006). The parameters of the conﬁguration
are chosen according to the suggestions of Choi et al. (2007). The
boundary conditions used in our simulations mimic the experi-
mental conditions with the displacements prescribed along the
y-direction and the bottom of substrate being ﬁxed. The loading
is performed by a rigid surface representing the stiff ﬂat diamond
tip of nanoindentor. In addition, the loading axis is designed to
align along the [269] single-slip direction. To imitate the loading
conditions of the experiments, the loading velocity is set at a con-
stant displacement rate of 1.0 	 104/s for all the simulations,
which results in quasi-static deformation of the micropillars.
C3D8 type elements with full integration are used to discretize
the model. Table 2 lists the model parameters assigned to the nick-
Fig. 6. Comparison of the ﬂow stress vs. strain curves obtained from the present model and CPFEM for bulk crystal Ni. (a) Macroscopic stress–strain curve; (b) Enlarged
presentation of a portion of the curve. The scattered circle and solid lines represent the results from present model and CPFEM, respectively.
Table 2
The simulation parameters for the samples.
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as bulk nickel crystal, respectively.D (lm) s0 (MPa) ss (MPa) h0 (MPa) m dE dEmin
3000 19 40 32 0.001 2.5 	 106 1.4 	 107
30 25 31 38 0.03 2.5 	 104 1.1 	 105
20 26 33 60 0.05 3.8 	 104 2.0 	 1055.2. Veriﬁcation of strain burst
As discussed in Section 3.2, the burst slip can be attributed to
the destruction of jammed dislocation conﬁgurations. Such one-
burst activity occurs mainly in single slip system in relation to
the collective, avalanche-like motion of dislocations, and thus leads
to higher strain rate, which is described by Eq. (12). Hence, when
the calculated strain rate in single slip system from the theoretical
model is larger than the programmed rate at a given time step, a
strain burst occurs.
To illustrate the high strain rate of the strain burst, the shear
stress as function of time for the 20 lm Ni micropillar is plotted
in Fig. 8; the inset shows one of the portions of the shear stress and
the average velocity as functions of time as an example. It is seen
that as the plastic deformation proceeds, some staircase-like sec-
tions (shear stress plateau) emerge. In these sections, the corre-
sponding average velocities of micropillar all exceed those pre-
programmed (vp = 4.7 nm/s) by the nanoindentation system (see
the inset in Fig. 8) and thus indicates a higher strain rate than
the programmed constant strain rate. Such phenomenon is com-
monly identiﬁed as a strain burst in the micropillar tests. Addition-
ally, we also see that the velocities become zero in certain time
sections. This occurs only at the end of each burst event, and rep-
resents a holding stage.Fig. 7. Finite element model for the micropillar of 20 lm in diameter. D and L
represent the pillar diameter and length, respectively.
Fig. 8. The shear stress as function of time for the 20 lm Ni micropillar during
loading process. Inset: portion of the shear stress and velocity vs. time curves. vp
represents the pre-programmed strain rate by nanoindentation system.5.3. Stress–strain response
Fig. 9 shows the calculated uniaxial macro stress–strain curves
for nickel micropillars with diameters of 20 and 30 lm, com-
pared with the typical experimental stress–strain curves of Dimi-
duk et al. (2005, 2006). The stress–strain curve of bulk crystal
having dimensions of 3 	 3 	 7.4 mm is also shown in this ﬁgure.
For both simulations and experiments on 20 and 30 lm nickel
micropillars, one may observe that the plastic ﬂow proceeds by
small repeated strain bursts, which are visible as steps on the
stress–strain curves. These strain bursts occurs associated with
constant stress. As expected from the piecewise nature of the con-
stitutive model, the strain bursts are separated by increments of
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shape. This is in contrast to the bulk crystal that shows an appar-
ently smooth plastic deformation (see Fig. 9), which actually con-
sists of many tiny strain bursts. Additionally, the PAN model
matches the experimentally measured stress–strain plastic ﬂow
curves to a good extent, by using the ﬁtted model parameters listed
in Table 2.
It should be mentioned that the initial loading part of the sim-
ulation curves indicates a rather large value of the elastic modulus,
compared to that obtained from experiments. Many experiments
have reported that, the initial part of the experimental stress–
strain curve appears to be compliant during the loading process.
Dimiduk et al. (2005) argued that, the under-estimation of the
elastic modulus can be rationalized by the misalignment between
the nanoindentation surface and the specimens, because it is difﬁ-
cult to ensure perfect alignment between them during the micro-
pillar tests. Greer and Nix (2006) Suggested that the abnormally
compliant loading may be caused partially by the compliance of
the substrate integrated with at the bottom of the micropillar. In
our calculations, we have accounted for the effect of the substrate
on the micropillars rather than the bulk crystal. As shown in Fig. 9,
the initial elastic responses of both micropillars and bulk crystal
appear to be identical, suggesting a negligible effect of the compli-
ance of the substrate on the under-estimation of the elastic
modulus.
According to Csikor et al. (2007), the emergence of ﬂuctuations
is due to the fact that the largest amplitude of the strain bursts is
increased as the sample size decreases. Fig. 10 gives an enlarged
view of the calculated results of the distributions of the loading
stage and the burst slip during the plastic ﬂow, for the 20 lm
micropillar. It is seen that some of the strain bursts occur succes-
sively, and thus lead to a large ‘‘step length’’ (Fig. 10), as is fre-
quently observed in many micro-compression experiments. Our
results indicate that the feature of intermittent ﬂow in micro-scale
is intensiﬁed partly by the cumulative effect of a series of burst
slips. As mentioned in the micropillar tests of Dimiduk et al.
(2005), large ‘‘step lengths’’ are frequently observed in the
stress–strain curves, producing the remarkable intermittent ﬂow.
These large ‘‘step lengths’’ should not be attributed to a single burst
slip event, even if it is the occurrence of the largest burst slip. In
practice, the largest amplitude of the strain burst is often associ-
ated with a small probability (Csikor et al., 2007).Fig. 9. Comparison of the shear stress vs. strain responses between simulations and
experiments (Dimiduk et al., 2005, 2006): micro-compression tests of [269] nickel
pillars with diameters of 20 and 30 lm as well as bulk crystal, respectively.5.4. Sensitivity study on the strain rate sensitivity m and the reference
shearing rate _c0
Normally, the assumed values of m and _c0 from open research
are not unique for a speciﬁc material. Recent study has shown that
the strain burst phenomenon is sensitive to m (Jennings et al.,
2011). Fig. 11 presents the effect of rate sensitivity exponent m
on the stress–strain response for the microsamples that are
20 lm in diameter. This plot shows that the smaller value of m
results in much smoother plastic ﬂow characterized by many ﬁne
stair-like steps, in contrast to those larger ones which produce pro-
nounced ﬂow intermittence, featuring with several larger ‘‘step
length’’. Therefore, comparing the predicted plastic ﬂow behaviors
at different values of m to those of experimental observations, we
can roughly determine the magnitudes ofm for the samples as pre-
sented in Table 2.
Based on these results, we ﬁnd that the value of m increases as
the sample size decreases, which is in qualitative agreement with
the recent atomistic simulation (Zhu et al., 2008) and experimental
ﬁndings (Jennings et al., 2011). Additionally, the bulk crystal has a
smaller value of m, suggesting the rate-independent plastic yield
behavior on a macroscopic scale.
Fig. 12 presents the predicted stress–strain response for all
microsamples under various values of the reference shearing rate,
ranging from 1.0 	 104 to 1.0 	 102. We see that the values of _c0
show no signiﬁcant inﬂuence on the intermittent ﬂow behavior,
although the ﬂow stress increases when _c0 is decreased from
1.0 	 102 to 1.0 	 104. For specimen size investigated in this
work, we take the widely used value of _c0 ¼ 1:0	 103 s1 for all
the simulations.6. Discussion
The continuummodel has been developed to describe the inter-
mittent deformation behavior of micropillar samples having a sin-
gle-slip orientation. As seen in Fig. 8, the predicted results could
capture a series of strain bursts, producing an intermittent plastic
ﬂow. In addition, in spite of macroscopic steady rate of working
hardening from the bulk crystal, we can indentify quantities of
burst activities (see Fig. 6). It is found that, as the specimen size de-
creases, the proportion of strain bursts becomes larger and larger,Fig. 10. Occurrence of the loading stage and the burst slip as well as shear stress as
the function of the time, within one portion of the plastic ﬂow period of 20 lm
micropillar. The blue and red circles represent the loading stage and burst slip,
respectively. (For interpretation of the references to color in this ﬁgure legend, the
reader is referred to the web version of this article.)
Fig. 11. Plastic ﬂow response as a function of the strain rate sensitivity. Fig. 12. Plastic ﬂow response as a function of the reference shearing rate.
Fig. 13. The value of the second work (d2W2) and the engineering stress increments
(DR) as the history of total engineering strain (E) in the simulation of 20 lm
micropillar. The blue circle and red square marks represent the value of the second
work and the engineering stress increments, respectively. The value of DR is scaled
by 1/vDE. (For interpretation of the references to color in this ﬁgure legend, the
reader is referred to the web version of this article.)
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ler proportion of loading stage, a larger number of the successive
strain bursts tend to occur, and this leads to larger ‘‘step length’’.
As a result, we can see in many microcompression tests that, as
the specimen decreases in size, the overall shape of the simulated
ﬂow curves exhibits severely intermittent ﬂow that is character-
ized by much larger steps. Overall, the present model could reﬂect
the change of plastic behavior from steady plastic ﬂow for bulk
crystal to intermittent plastic ﬂow for micropillar. Although this
model accounts for strain burst characteristics (dEmin, dE), the sto-
chastic nature of the burst sizes exhibiting a power-law distribu-
tion is not represented in the simulation. Incorporating such
stochastic nature into a continuum model will be discussed else-
where, since the focus of the present work is the continuummodel
of capturing the strain burst.
The size-dependent effects involved in this work mainly include
the ﬂow strength, strain burst and strain-rate sensitivity. The
implementation of the size dependence in the model is based on
the size dependence of the averaged burst size (see Section 4.2).
This model reﬂects two kinds of size-dependent phenomena: (i)
As the specimen decreases in size, the intermittent ﬂow becomes
more pronounced (see Fig. 9). (ii) As the specimen decreases in
size, the strain-rate dependence becomes stronger, as described
in Section 5.4.
Size-dependent strength is one of the main issues in micropillar
plasticity. Some ﬁnite element crystal plasticity models have ear-
lier been proposed based on dislocation density considerations
(Ma et al., 2006a,b,c). Such models could treat mechanical size ef-
fects in conjunction with local orientation gradients because of the
introduction of the geometrically necessary dislocation densities.
According to the present model, Fig. 9 shows that the ﬂow stress
increases as the sample size decreases. This is because of the mate-
rial parameters used in Table 2. These parameters were obtained
by resorting to the available experimental data and they are used
as inputs for the simulation of intermittent ﬂow.
For the present model, the strain bursts are assumed to origi-
nate from the destruction of jammed dislocation conﬁgurations
and the produced burst rate are calculated thorough Eqs. (12)–
(14). When the produced shear strain rate is larger than that ap-
plied by the nanoindentation system, a strain burst occurs. We
found in our calculations that the occurrence of the strain burst
(Eq. (25) is equivalent to DRl P 0 for compression test) is always
associated with negative values of the second-order work
d2W2 ¼
R
V r^ : edV 6 0 (see Fig. 13), where V is the volume of the
body investigated at certain time. In other words, the negativevalues of the second-order work could be employed to judge the
emergence of the strain burst as described in Section 3.3. It should
be mentioned that, although load serration could be applied to
judge the strain burst for the uniaxial deformation as commonly
used in the 3D-DDS, its application may not be suitable in complex
boundary problems such as microbending, 3D shear deformation.
Thus, the use of the second-order work criterion seems to have cer-
tain advantages over the loading serration criterion, as a strain
burst criterion. A detailed exanimation of the validity of this crite-
rion is underway, which is beyond the scope of the present paper.
Finally, because of the negative values of the second-order
work, it is suggested that the strain bursts are associated with
unstable deformations. Mesh convergence is a well known difﬁ-
culty in modeling material instability with ﬁnite element analyses,
due to the non-convergence of solutions with increased reﬁnement
of ﬁnite element meshing. For this problem, we consider three dif-
ferent meshes including coarse mesh, normal mesh and reﬁned
mesh. Fig. 14 shows the predicted stress vs. strain behaviors of
the 20 lm diameter micropillar using the three different meshes.
It is seen that the intermittent plastic behaviors for the three FE
computations are well represented, and are not signiﬁcantly
affected by a reﬁned mesh. Although the predicted intermittent
Fig. 14. Mesh convergence studies: coarse mesh (1740 elements), normal mesh
(3480 elements) and reﬁned mesh (6960 elements).
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tive errors) for the three different meshes, the curves shown in the
plot indicate that discrepancy in the macroscopic responses is less
noticed. For the bulk crystal, the results in Fig. 9 from the present
model are obtained from more-element analysis (720 elements)
rather than one-element simulations as shown in Fig. 6. However,
the former is not very different from the latter, in terms of their
plastic ﬂow behaviors. Furthermore, the predicted results converge
to that from CPFEM analysis, also suggesting the convergence and
stability of the FEM algorithm.
7. Conclusion
We have formulated a continuum model accounting for the
strain bursts observed in the compression tests of single crystal
micropillars. We consider the intermittent space and time display-
ing in the displacements of pillars under the loading conditions of
Dimiduk and coworkers (Dimiduk et al., 2005, 2006; Shade et al.,
2012). The microscopic boundary conditions (MBCs) in this loading
method (hybrid loading mode) are constructed. Such a model has
been implemented into ﬁnite element analysis. To validate our
model, ﬁnite element simulations of uniaxial compression tests
on face-centered cubic [269] nickel micropillars are performed.
The results show the following:
(1) Our simulations clearly show visible strain bursts during the
plastic ﬂow of single crystal micropillars, and the predicted
behavior of the stress–strain response is qualitatively com-
parable with those of experimental observations (Dimiduk
et al., 2005, 2006).
(2) For the bulk crystal, we could identify a series of strain
bursts in the course of plastic ﬂow.
(3) Many strain bursts occur in successively during the loading
process. The more pronounced intermittent ﬂow with
decreasing specimen size could be attributed to both
increasing numbers of the successive strain bursts and
increasing amplitude of the strain burst (Csikor et al., 2007).
(4) The occurrence of strain burst is always associated with neg-
ative values of the second-order work, suggesting that the
second-order work criterion may be applicable to burst
activities in micropillar plasticity.
Furthermore, it is possible to take into account, the stochastic
nature of burst size in our model (i.e. different plastic ﬂow
responses for the same diameter micropillars). However, it is be-
yond the scope of the present study.The main purpose of this paper was to illustrate a continuum
model in crystal plasticity that can capture a series of the strain
bursts. The results incorporating such a stochastic nature in the
continuum model will be discussed elsewhere, wherein this model
is employed to study both the temporal aspects of the plastic ﬂow
and the mechanical response of crystalline materials in micropillar
compression (Zhang and Shang, 2013).
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Appendix A. Calculation of the burst duration
The stress increments per unit volume are linked with global
body by
DR ¼ hDri ¼ 1
V
Z
V
Drdv ðA:1Þ
Here hi is deﬁned by hi = X1 R X  dX, which represents the average
of a ﬁeld in X; and V is the current volume.
For the micro-compression tests, the engineering stress incre-
ment DRb+h is deﬁned within the total time of the burst duration
Dtb and the holding stage Dth, and is expressed by
DRbþh Dt;Dtb
  ¼ DR Dt;Dtb  ~n ðA:2Þ
where DR(Dt;Dtb) = hDrb+h(Dt;Dtb)i and vector ~n is along the pil-
lar axis. Based on the extra force boundary condition as described in
Eq. (2), the loading conditions within the ﬁxed Dt give
DRbþh Dt;Dtb
  ¼ DRb Dtb þ DRh Dt  Dtb  ¼ 0 ðA:3Þ
where DRb and DRh represent the engineering stress increment
within the burst slip and the holding stage, respectively.
When a strain burst occurs under a compression test, the fol-
lowing relation should be satisﬁed due to the relaxation of stress:
DRðDtÞ ¼ DRbþhðDt;DtÞ > 0 ðA:4Þ
but this relaxation is prevented by the nanoindentation system,
thus giving rise to the fulﬁllment of Eq. (2), (A.4).
On the other hand,Drb+h(Dt;0) represents a purely elastic load-
ing and thus gives:
DRbþhðDt;0Þ < 0 ðA:5Þ
Combining Eqs. (A.5) and (A.6), the following relation holds:
DRbþhðDt;0ÞDRbþhðDt;DtÞ < 0 ðA:6Þ
where Dtb e [0, Dt]. According to the intermediate value theorem,
the solution of Eq. (A.4) indeed exists for a certain time increment
Dt. By deﬁnition, Dtb regulates the value of the burst duration, at
which the engineering stress increment remains unchanged, as a
consequence, its uniqueness is guaranteed.
The event duration Dtb can be calculated through an alternative
form of Eq. (A.4), as:
DrbþhðDt;DtbÞ	 
 ~n ¼ 0 ðA:7Þ
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